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Abstract: In this paper we consider the derivations for even part of the finite- 
dimensional Hamiltonian superalgebra H over a field of prime characteristic. We 
first introduce an ideal 91 of Hq and show that the derivation space from Hp into Wq 
can be obtained by the derivation space from 91 into Wq, the even part of the general- 
ized Witt superalgebra W. For further application we also give the generating set of 
the ideal 91. Then we describe three series of exceptional derivations from Hq into Wq. 
Finally, we determine all the derivations vanishing on the non-positive Z-graded part 
of Hq, the odd Z-homogeneous derivations, and negative Z-homogeneous derivations 
from Hq into Wq. 
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0. Introduction 

During last few decades the theory of Lie superalgebras has undergone a remarkable evo- 
lution both in mathematics and in physics (see JJ). For example, the classifications by 
V.G. Kac of finite-dimensional simple Lie superalgebras and infinite-dimensional simple 
linearly compact Lie superalgebras over algebraically closed fields of characteristic zero 
have been completed (see |2j, (Hj). For modular Lie superalgebras, as far as we know, [3] 
and ^U] may be the earliest papers. 

In this paper we consider derivations for the even parts of modular Lie superalgebras of 
Cartan type H. Our work is originally motivated by the work on modular Lie algebras of 
Cartan type (see ^EJE3)- Note that the super derivation algebras have been determined 
for the finite-dimensional modular Lie superalgebras of Cartan type W, S, H, and K. (see 
[HI 1141 IT7| b The super derivation algebra was determined for the finite-dimensional odd 
Hamiltonian superalgebra HO in jHj. We should mention that the derivations of the even 
parts have also been studied sufficiently for the Lie superalgebras of Cartan type W, S 
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and HO (see 00); i n particular, the derivations from the even parts into the odd parts 
have been determined for W and S (see (Sj). However, the present work differs greatly 
from the ones mentioned above; in particular, we find "more" outer derivations for the 
even part of H than HO, W, or S (see also Remark 14.13(1 . 

This paper is organized as follows. In Section 1 we give the necessary notation and 
concepts. In Section 2, we first introduce an ideal 91 of the even part of H, which is crucial 
for our aim. Then we give the generating set of the ideal 9t for future application. In 
Section 3 we mainly construct three series of outer derivations from the even part of H into 
the even part of W, the generalized Witt superalgebra. In Section 4, we determine all the 
derivations vanishing on the non-positive Z-graded part of Hq, the odd Z-homogeneous 
derivations, and negative Z-homogeneous derivations from Hq into Wq. 

1. Preliminaries 

Let Z2 = {0, 1} be the field of two elements. For a vector superspace V = Vq © Vj, we 
denote by p(a) = 9 the parity of a homogeneous element a G Vg,9 £ Z2. We assume 
throughout that the notation p(x) implies that x is a Z2-homogeneous element. 

Let g be a Lie algebra and V a 0-module. A linear mapping D : q — > V is called a 
derivation from g into V if D(xy) = x ■ D{y) — y ■ D(x) for all x,y G 0. A derivation 
D : — > V is called inner if there is v G V such that D(x) = x ■ v for all x G 0. Following 
|131 p. 13], denote by Der(0,l/) the derivation space from into V. Then Der(0,y) is 
a 0-sub module of Homf(fl, V). Assume in addition that and V are finite-dimensional 
and that = © r gzfl M is Z-graded and V = ffi r ezVj r ] is a Z-graded 0-module. Then 
Der(0, V) = © re zDerr r | (0, V) is a Z-graded 0-module by setting 

Der H ( , V) := {D G Der( , V) \ D( Q[i] ) C V [r+l] for all i G Z}. 

In the case V = 0, the derivation algebra Der(0) coincides with Der(0,0) and Der(0) = 
© rg zDer[ r ] (0) is a Z-graded Lie algebra. If = ©-r<«<s0 w is a Z-graded Lie algebra, then 
©_ r <i<o0 H is called the top of (with respect to the gradation). Let V = ®i<=zV[i] be a 
Z-graded vector space and x G V is a Z-homogeneous element. Then we let zd(x) denote 
the Z-degree of x. 

In the following we recall the notions of the generalized Witt modular superalgebra and 
the Hamiltonian modular superalgebra and their natural gradation structures. We also 
introduce the notation, terminology and convention which will be used throughout. 

In the sequel F denotes a field of characteristic p > 3. In addition to the standard 
notation Z, we use N for the set of positive integers and No for the set of nonnegative 
integers. Henceforth, we will let m and n denote fixed positive integers without notice. 
Given a = (a±, . . . ,a m ) G N™, we put \a\ := X^i a «- Following ^2], denote by 0{m) 
the divided power algebra over F with an F-basis {x^ \ a G N™}. For e% = (5n, . . . , 5i m ), 
we abbreviate x^^ to Xi, i = 1, . . . , m. Let A(n) be the exterior superalgebra over F in 
n variables x m _|_i, . . . , x m -\. n . Denote the tensor product by 0(m,n) = 0{m) <8>f A(n). 
Obviously, (D(m,n) is an associative superalgebra with a Z2-gradation induced by the 
trivial Z2-gradation of 0{m) and the natural Z2-gradation of A(n). Evidently, 0(m,n) is 
sup er-commut at ive . 

For g G 0(m),f G A(n), we abbreviate g © / to gf. The following formulas hold in 
0(m, n) : 

^jx {a+l3) for a,/? G f^ 1 ; 
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XiXj = —XjXi for i, j = m + 1, . . . , m + n; 



(o) 



(a) for a G Nq 1 , j = m + 1, . . . , m + n, 



J 3 

where (^) := UT=i C^)- 

For convenience, put F := {1,2,..., to}, Y\ := {to + 1, . . . , m + n} and F := F U Yi. 
Let 

% := {(ii,*2) • • • ,ik)\m + 1 < *i < «2 < ■ • • < *fe < ?™ + n} 
be the set of /c-tuples of strictly increasing integers between m + 1 and m + n, and B := 

n 

|J B fc , where B := 0. For u := (n, i 2 , . . . , ik) G B fc , set |u| := fc, |0| := 0, x := 1, and 
k=0 

x u := Xi 1 Xi 2 ■ ■ ■ Xi k ; we also let it stand for the set {ii, 12, ...,«&} if no confusion occurs. 
Put B° := {« G B | |u| even}. Clearly, {x^x" | q G No™, u G B} is an F-basis of O (to, n) . 
Let 5i, c*2, . . . , <9 m+n be the linear transformations of O (to, n) such that 

° llX j " \ x^dx^/dxi, i G Yi 
Then c?i, c?2, . . . , d m+n are super derivations of the superalgebra O (to, n) . Let 

W (to, n) := j ^ aj<9j | a« G O (to, n) , i G F j . 

Then IF (to, n) is a Lie superalgebra contained in Der O (to, n) . 
One may verify that 

[aD, bE] = aD{b)E - (-l) p(aD ^ (bE hE(a)D + (_1)p( d )p( 6 ) 6[D , £] (1.1) 

for a,b £ 0(m,n), D,E G Der0(m,n). Consequently, the following formula holds in 
IF (to, n) : 

[a^, 69,-] = adi (b) dj - (_i)p(^)p(^) w , g. 
for a, b G (to, n) , i, j G F. We note that p(<9j) = /u(z), where 

:= 



0, i G F 

1, i G F L 

In the sequel suppose to = 2r is even. Define the linear mapping Dh : 0(m, n) 
W(m, n) by means of 

D H (a) := ^r(i)(-l)^ )p(a) 9i(a)^ for all a G C(m,n), 

where 



i':= < 



' i + r, 1 < i < r 

i — r, r < i < 2r r(i) := < 

_ i, i£ Fi; 

Then the following identity holds 



1, 1 < i < r 
— 1, r < i < 2r 
1, i G Fx. 



[D H (a),D H (6)] =D H (D H (o)(6)) for all a, 6 G 0(2r, n). (1.2) 



Derivations of the even part of the Hamiltonian superalgebra 



4 



Let 

t := (h,t 2 , . . . ,t m ) G N m , vr := (tti, vr 2 , . . . , vr m ) 
where 7Tj := p*< - 1, i G Yb- Put A := A(m;t) := {a G N™|aj < 7r», i = 1, 2, . . . , m} . Then 

O (m, n;t) := span F {x (a ^" | a G A, u G B} 

is a finite-dimensional subalgebra of 0(m,n) , with a natural Z-gradation O (m,n;t) = 
®i =0 O(m, where 0(m,n; = span F {x^ a ^x" | |a| + |it| = := | vr | + n. Set 

H^ (m, n; t) := j ^ Ojdj | dj G (m, n;t) ,i £ F j . 

Then W (m, n;t) is a subalgebra of VF(m,n). In particular, it is a finite-dimensional 
simple Lie superalgebra (see |16]). As in the case of Lie algebras, W (m,n;t) is called the 
generalized Witt superalgebras. Obviously, W (m, n;t) is a free O (m, n; t)-module with 
O (m,n; i)-basis d 2 , . . . , d m+n } . 
Set 

H(m,n;t) := {D H (o) | o € ©fljo (m, n;t) M }, 

where £ = | vr | + n. Then H(m,n;t) is a finite-dimensional simple Lie superalgebra, which 
is called the Hamiltonian superalgebra (see [151 HE] '). 

The Z-gradation of 0(m,n;t) induces naturally a Z-gradation structure of the general- 
ized Witt superalgebra W(m,n;t) = ffifzl 1 W(m, n;t)u], where 

W(m,n;t)[q := span F {/<9 s | s G Y, / G 0(m, n; t) [i+1] }. 

Note that H(m,n;t) is a Z-graded subalgebras of W(m, n;t). 

In the following sections, since the positive integer m is even, we write 2m instead 
of m, and we usually write O, W, and H for 0(2m,n;t), W(2m,n;t), and H(2m,n;t), 
respectively. For convenience, the even parts of W and H will be denoted by W and 7Y, 
respectively. 

In this paper we suppose m > 1, n > 3 and p > 3 for the sake of simplicity although 
sometimes a weak hypothesis is sufficient. 

2. The ideal 91 and its generating set 

As mentioned in the introduction, our main object is to discuss the derivations for the 
even part TC of the finite-dimensional Hamiltonian superalgebra H. Precisely speaking, we 
want to formulate certain homogeneous derivations from TC into W. However, in contrast 
to the setting of W and S (see [SJ |7j ) , we shall first deal with the derivations from an ideal 
91 of TC into W rather than the derivations from TL into W. Of course, we can guarantee 
that this transformation behaves without any influence on our aim (see Remark 12 .5|) . 
Recall 

TC := %(2m,n;t) = span F {D H (x (Q) x u ) | a G A,u G B°,(a,u) / (vr,a;)} 

and put 

9T := span F {D H (x (Q) x") | a G A, u G B°,(a,u) ^ (vr, w), (a, u) ^ (vr,0)}, 
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where B° = {u G B | \u\ even} and uj := (m + 1, ... ,m + n) G B n . Evidently, 91 is a 
subspace of 7i of codimension 1: 

H = 9T®FD H (s W ). (2.1) 

In the following we shall demonstrate that in order to determine the derivations from TC 
into W it suffices to determine the derivations from 91 into W. It is clear that this will 
simplify our consideration. To that end, we need the following two propositions. 

Proposition 2.1. 91 is an ideal ofH. 

Proof. We first show that 91 is a subalgebra of TL. Given any two linear generators 
B H (x^x u ), D H (x^x v ) G 91, we assert that 

[B H (x^x u ),B H (x^x v )} G 91. (2.2) 

In fact, if u = v = 0, in view of the theory of Hamiltonian algebras ^3], we get (|2.2|) 
immediately. If u ^ or v ^ 0, noticing that \u\, \v\ are all even, we obtain (|2.2|) by using 
the formula (|1.2|) . This proves that 91 is a subalgebra of TL. We next show that 91 is an 
ideal of TL. By (12.1(1 . it suffices to show that 

[D H (x«),91] C91. (2.3) 

Clearly, 

[D H (xW),91] CH. (2.4) 

For every linear generator Dh(x^x m ) of 91, if zd([DH(x Dh(s^i")]) 7^ | vi" | — 2, then 
wc sec from J231) th at [D H (i W ), D H (x( Q )x M )] G 91 and thereby (gSJ) holds. It remains 
only to consider the case \a\ + \u\ = 2. If \u\ = 2, then [Dh(xW),Dh(s")] = G 91; if 
a = 2, by the theory of Hamiltonian Lie algebras, we also have [Dh(x^), Dh(i'°')] G 91 
and therefore, (|2.3|) holds. □ 

Following 0, put £ := span F {x u <9 r | r G Y,u G B,p(x"d r ) = 0}. Then C w (W-i) = Q\ 
in particular, Cf{(TL-i) C £/. Note that Q is a Z-graded subalgebra of W. 

Proposition 2.2. Lei |w| = n be even. Then C w (91) = FD H (x w ). 

Proof. For any arbitrary basis element Dh^^x") of 91, u G B°, it is clear that 

[DhOO,D h (x^x u )] =0. 

Therefore, FDh(x ij ) C Cyv(91). We propose to prove the converse inclusion. Since Cw(91) 
is a Z-subalgebra of TL, it suffices to show that if D G Cyv (91) is homogeneous then 
D G FDh(i w ). Noting that W[_i] = = $![_!], we see that D & Q. Thus one may 

assume that 

D = Y^ frd r where f r G A(n). (2.5) 

r& 

For any z G Y , since Dh(x' 2e '') G 91, we have [D, Dh(x' 2e *')] = and therefore, fid{> = 0. 
This proves that fi = for all i G lo- Thus, by (|2,5|) . we have 

D=Y^ frdr where / r G A(n). (2.6) 

rGYi 
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Case (i): 1 < zd(/ r ) < n — 3 for r G Yi.. Assume that / r 7^ for some r € Yi. By our 
assumption one may choose k,l G Y\ with k 7^ I such that xidk(fr ) 7^ and k 7^ r , 
I ^ r . Note that Dn(xfcXi) = — G 9?. We have 

= D H (x^i), ^2 /r<9 r J = ^2 ( x idk(fr) - x k di(f r ))d r - fid k + f k di. (2.7) 

reYi reYi 

Then a comparison of the coefficients of d rQ in Q2.7|) yields that xidk(fr ) — x kdi{fr ) = 0. 
However, this equation implies xidk(fr ) = 0, a contradiction. This proves that D = 0. 

Case (ii): zd(/ r ) = n — 1 for r £ Yi. Then one may assume that 

fr=y^ J c rs x^ where c rs G F. (2.8) 
seYi 

Here we put (s) := a; — (s). Fixing r G Yi and replacing / r in (|2.7j) by (|2.8|) . for fc, Z £ Yi\r 
with k ^ I, we obtain that £j#fc(X)aeyi Cra 35 ) = an d therefore, c r ix^ = 0. This 
implies that c r \ = whenever r ^ I. Consequently, f r = c rr x^ for r G Yj. Observing 
the coefficient of 3^ in (|2.7[l . we obtain that —x^d^c^x^) — Q/x^ = 0. It follows that 
Ckk = (— l) fe+Z Qz f° r k,l EY±. Let A := c m+ i i?n+ i. So far, we have proved that 

D = A J2 {-l) r+1 x {?) = ADh(^). 

reYi 

Case (iii): zd(/ r ) = 1. As in Case (i) one may easily get the desired result. 

□ 

Proposition 2.3. Let \u\ = n be odd. Then Cyv(9t) = 0. 

Proof. Arguing just as in the proof of Proposition 12.21 we see that every element D G 
Cw(9t) may be written as (|2.6[) . Given r G Yi, we obtain from (|2.7|) that 

Xidkifr ) = whenever fc, Z G Yi \ ro with k ^ I. (2-9) 

Without loss of generality, one may assume that D is homogeneous and so is f r = 
^2 u c ro uX u . If 1 < zd(fr o ) < n — 1, then by (|2.9[) . / ro = 0. In the case zd(/ r ) = 1, it is 
easily shown that D = 0. Assume that / r 7^ 0. Then zd(/ r ) > n— 1 as we have shown that 
xidk(fr ) = whenever k,l £Y\ with k ^ I. Because n is odd, this forces zd(/ r ) = n and 
hence, f r = . Now, using Q2.7JI one may easily deduce that c TqLU = 0, contradicting 

the assumption that f r 7^ 0. Summarizing, we have shown that D = 0. The proof is 
complete. □ 

Theorem 2.4. Suppose ip G Der(7^,W) and v?(9T) = 0. Then the following statements 
hold. 

(i) If \u\ = n is odd then 99 = 0. 

(ii) If \u\ = n is even then (p(Dn(x^)) = ADh(s w ) for some A G F. Conversely, any 
mapping ip : 7i — > W vanishing on 97 and satisfying (p(Dn(x^)) = ADh(x" ; ) /or any /ixed 
A G F is necessarily a derivation from 7i into W. 

Proo/. By Proposition O [^(D H (2: (7r) )), 9t] = 0; that is, <p{B u (x^)) G C w (9t). Now 
(i) follows from Proposition 12.31 and the decomposition (|2.1|) . The first part of (ii) is an 
immediate consequence of Propositions 12.11 12.21 and the decomposition (|2.1|) . The second 
part follows immediately from Propositions 12. ll and 12.21 □ 
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Remark 2.5. Suppose that the structure o/Der(9t, W) has been determined and all the 
derivations from 91 into W may extend to TC. Then, in the light of Theorem \2.J\ one may 
easily determine the derivation space Der(7Y, W). We thereby pay our attention to the ideal 
9t in future. 

Remark 2.6. Define the linear mapping T\ : TL — > W by means of I\(9T) := and 
Tx(Dr(x^)) := ADH(x aj ) for any fixed A € F. By Theorem \2. 41 T\ is a derivation from 
H into W. Note that zd(r,\) = |w| — |vr|. In general, T\ is outer. In the next section, we 
shall give in addition three series of the so-called exceptional derivations from 7i into W 
in the setting that \u\ = n is even. In general, they are outer derivations. 

In the following we study the generating set of 9t. Put 

M := {D H (x^) | 1 < Ql < m, i g Y }, 

and 

M := {D H ( Xi x u ) | i E Y ,u G B 2 }. 
We conclude this section with the following generating theorem. 

Theorem 2.7. 91 is generated by M UAAu 9tr i. 

Proof. Let C be the subalgebra of 91 generated by Ad U N U 9tr ]. For i, j G Yq, direct 
computation shows that 

Dh(x (2£i) ^) = r(i)(l + 5 lj )- 1 lD u (x (3£ ^),D H (x i ,x f )} G C. (2.10) 

Furthermore, 

Duixixvxj,) = r(i')(l - ^%)[Dh(x (2£ ^), D H (a;( 2£i 'x f )] G £. (2.11) 

Using 1)2.11(1 we get for i ^ j' , 

D H (x^x f ) = -r(*)(l + ^)" 1 [D H (x^)),D H (wx i 0] g £. (2.12) 
It follows from (|2~TUj) and (|2~T2l that for j / j, j', 

Bnix^'^xjxf) = r(j)[DH(x^)x i /) ) D H (a;^ £i ^ i O] g £. (2.13) 
An application of (|2.13|) yields 

D H (x^ iei+7r2£2 )) = -[B H (x (ni£l) ),D H (x lXll x (n2£ ' 2) )] G £; 

and therefore, 

D H (x^ 1£l+ ^ 2£2+7r3£3) ) = -[D H (x^ l£l+ ^ £2 )),D H (xix r x (7r3£3) )] G £. 
By induction we may easily obtain that 

D H (x (7ri£l+ - +Wm£ " l) ) G £. (2.14) 
Using ((2~TI|) and ((2~T3)) we obtain that 

D H (x^ l£l+ - +7r '" £m+ ^' £ i')) = -[D H (x^ l£l+ - + ^ £m) ),D H (x m x m /x (7r i £ i' ) )] G C. 
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By induction one may easily show that 

D H (x (7r ~ 7r2m£2m) ) G £. (2.15) 
By (l2~T2l . T>u(x m x^rn>z m >)) e £. It follows from (t2~T5l that 

DhCx^ -6 "*^) = -[D H (a: (T " VE '"' ) ),DH(x m x (ve '"' ) )] G £. (2.16) 
In general, we have 

D H (a: (7r ~ £r) ) € £ for all r G Y - 

Therefore, 

D H (x (o) )G£ for all a / tt. (2.17) 

We want to prove that 

D H (x (Q) x u ) G C for a ^ tt, / u G B°. (2.18) 

We proceed by induction on [a| + When [a| + \u\ = 2, we have u G B 2 and a = and 
therefore, D H (x M ) G £, since H[-i\ U Af C £; that is, (|2~T5)) holds. When \a\ + |it| = 3, 
necessarily |u| = 2 and \a\ = 1 and therefore, (|2.18|) holds. Assume that \a\ + |u| > 3. Find 
u; G B2 and u£B such that x v x w = x u . If a, < 7Tj for some i G loi then |a + £j| + |v| < 
|a| + |tt|, 1 + |w;| < \a\ + \u\. Thus, 

D H (x (o) x u ) = r( J )[D H (x( Q+£ ')/),D H (^x w )] G C; 

that is, (l2~T8l holds. 
It remains to show that 

D H (x (7r) x") G £ for u € B with (2.19) 

To do that, we first show that 

D H (x M ) G £ for all u G B°. (2.20) 

Clearly, D H (x") G £ for all u G B 2 . Assume that u G B° and |u| > 2. Find G B° 
satisfying \v\ < \u\ and \w\ < \u\, such that x v x w = x u . Then 

D H (x") = [Dh(xi^), D u (xyx w )]. 

Since AT C £, using induction one may easily prove (|2.2U|) . When |u| = 2, let tt = (A;, Z). 
Take r€Y x \ {k, I}. By (l2~T8l . 

D H (x W XfcXi) = [D H (x^ l£l )x r x fc ), D^x^^x,)] G £; (2.21) 

that is, (|2.19|) holds in this case. Now suppose \u\ > 2 and u ^ u>. Find G B with 
\v\ = 1 such that x v x w = x u . Take r G Y\ \ u. Then $FX$ and (j2~2Tj) ensure that 

D H (x W x") = [DH(x (T) i r x ),D H (i r x M )] G £, 

proving (|2.19l) . The proof is complete. □ 
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3. Exceptional derivations 

In the this section we shall give three series of the so-called exceptional derivations from 
TL into W. As we shall see, in general these exceptional derivations are all outer. We 
note that these exceptional derivations have no analogs in the setting for the even part of 
the odd Hamiltonian superalgebra or the special superalgebra (see |3 [7j). Thus, roughly 
speaking, the even part of Hamiltonian modular Lie superalgebra possesses "more" outer 
derivations than the even part of the special Lie superalgebra. The other reason we are 
interested in this phenomenon is that it does not occur in the "super" setting (see |141 
Theorem 2.13]). Throughout this section assume that \u\ = n is even. 

Let us define the first series of exceptional derivations from Ti into W. Given q G N and 
i € Yq, define 

<&,<*> D H (/)~af(/)D H (x"). 
As Ker(D H ) = Fl, ^ is well defined. Clearly, zd($^ } ) = n — p q . Moreover, we have 
Proposition 3.1. Let \uj\ = n be even and i € Yq. Then <&j?' £ Der(7Y, W). 
Proof. It is sufficient to verify the following equation for Dh^^x"), Dh(x^x") € Ti : 

= [$; <j) (D H (x( Q )x M )),D H (x( /3 )x ,; )] + [D h (x( q )x ,; ),^ <?) (Dh(x( /3 )x m ))]. (3.1) 
The verification is divided into three parts. 

Case (i): u = v = 0. The left-hand side of ()3.1|) is as follows: 

<J? 4 (9) ([D H (x (a) ), Dh(x^)]) = ^ q) (D u (D u (x^)(x^)) = 3f (Dh(xW)(x^))D h (/). 

(3.2) 

By (jl.lj) . the right-hand side equals: 

[x( a - p%i )DH(x u ),D H (x^)] + [D H (x (a) ), x^ p,£ ')D H (x u )] 
= ( - DhIx^^x^' 6 '') + D h (x (q) )(x( ,3 - p,£ ')))Dh(x w ). (3.3) 

Noticing that Bf 9 is a derivation, one can compute the coefficient of Dh(x q; ) in (|3.2j) : 

df (D H (z (a) )(z (/3) )) = af 9 (^r(r)x( Q - £ '')a r ,(x^)) 

reY 

= Y {T{r)x {a - £r - pq£ ^x^- £ ^ +T(r)x {a - £r) x^~ £ r'-P q£ ^) 

The coefficient of Dh(x qj ) in (|3.3() is as follows: 

-Dh(x W )(x (q - p,e,) ) + Bu{x (a) )(x^- pq£ ^) 

= Y T(r')x^- £ ^ x ( a - £r - p9£ ^ + Y T{r)x^ a - £ ^x^- £ -'- pq£i) 

r£Y reY 

= Y {r{r)x^- Er - p9E ^x^- £ ^ + T(r)x {a - £r) x^- £ r'- pq£ ^). 

reY 
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Hence (j3.1j) holds in this case. 

Case (ii): u 7^ and v ^ 0. Then \u\ > 2, |wj > 2. By the definition of <&\ , it is easily 
seen that the two sides of (j3.1j) are all zero. 

Case (iii): u = v ^ 0. By the definition of 3>i , the left-hand side is as follows: 

^ 9) ([Dh(»),D h (x^^)]) = ^)(D H (D H (x( Q ))(x^^))) 

= flf (D H (x (a, )(x^/))D H (^) = 0. (Note |v| > 2) 

The right-hand side is as follows: 

[<Z>l q \D R (x^)), D H (x^/)] + [B R (x^),^ q \B u (x W x v ))] 
= [df(x^)B u (xn, D h (x(«/)] + [Dh(xW), ^(x^x^Dh^))] 

= [<fV Q) )D H 0O, D H (X^X")] 

= -B n (x^x v )(df (x( a ))D H (x w )) +&f (xW)[D H (x"),D H (x^xl 
= 0. 

The proof is complete. □ 

Now we define the second series of exceptional derivations. We have known that (ad9j) p9 
is a derivation of 7i. Define for i 6 Yq and gGN, 

ej 9) : n - W, D H (/) ^ x- (add^(D H (/)). 

By the definition, zd(0^ 9 ') = n — p 9 . Clearly, G^ may be naturally extended to a linear 
mapping of W. Note that o\ q) (B H (f)) = x u B H (df 9 (/)). Moreover, we have the following 

Proposition 3.2. Let \uj\ = n be even and i £ Y . TViera G^ € Der(7i, W). 

Proof. View 0^ as the linear mapping of W and consider the standard basis elements 
x ( a ) x u Q r f yy satisfying that r u and that if u = then r € Yo. Since every element 
of Dh(/) G W must be a linear combination of such standard basis elements, it suffices to 
show that for such standard basis elements x^x u d T and x^x v d s , the following holds: 

e { f\[x {a) x u d r , x w x v d s }) 
= [@\ q \x (a) x u d r ),x^x v d s ] + [x i - a) x u d T , eJ 9) (x (/ Vd fl )]. (3.4) 

When u = v = <j>, it is easy to see that (|3.4j) holds. When « / and u ^ 0, the two sides 
of (|3.4j) vanish. It remains only the case that it = but u ^ 0. Note that r £ Yo in this 
case. Consequently, the left-hand side of (|3.4|) vanishes. As s v, the first summand in 
the right-hand side of Q3.4j) is zero. Clearly, the second is also zero. □ 

Remark 3.3. From the proof of Proposition^^ it is easily seen that in general, £ 
DerW and 6^ $ Der(<S, W) where S denotes the even part of the special superalgebra and 
@i is naturally extended. 
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Let us consider the third series of exceptional derivations. Define for % 6 Yq, 

>W, D H (/)^^(/)D H (^) for f e 0(m,n;t). 

As ker(Dn) = F 1, the linear mapping \&W is well defined and zd^W) = n — 2. Moreover, 
we have the following 

Proposition 3.4. Let \u>\ = n be even and i € Y . Then *W e Der(ft, W). 
Proof. We want to verify that for a, /3 6 A, u, v G B°, the following holds: 

^ W ([D h (x (q) x m ),D h (x (/3 V)]) 
= [^ W (D h (x (q) x u )),Dh(x (/3) x ,; )] + [D H (x (a) /),f W (D H (x (,3) /))]. (3.5) 

Case (i): u ^ 0, v ^ 0. Since |it| > 2, |u| > 2 in this case, two sides of (f3.5f) vanish. 

Case (ii): ii ^ 0, v = 0. Then the right-hand side of (|3.5j) is as follows: 

[D h (x (q) x"), i^'-^'DhK)] 
= Dh^VXx^-^-^DhOO + a^- e «- e <'>[D H (a (o) a? 1t ), D H (x w )] 
= 0. 

The left-hand side is as follows 

^ W (Dh(Dh(x (q) x")(x (/3) )) = ^ W (d h ( ^ T(r)x (a - £r) x u x^- r '^ = 0. 

This proves (|3.5|) in this case. 

Case (iii): u = v = (f). The right-hand side of ()3.5|) is as follows: 

[x( a - e '- £ '')D H (x w ), D H (x (/3) )] + [D H (x( a )), x^- £ '- £ .')Dh(^)] 
= -D H (x^)(x( Q - £< - £ i'))D H (x a ') + D H (x( Q ))(x (a - £l - e »' ) )D H (x w ). 

The left-hand side is as follows: 

^ w (D H (D H (x (Q) )(x (/3) )) 
= a,^(D H (x( a ))(x(' 3 )))DH(x w ) 

rer 

= X ^W(^ a " £r " £l ^ (K ' ) +^ (a " £r) ^^ V " e *' ) ))DH(/) 

— T j- r ^ x (a-£r-e i /-ei) x (/ 3 -£r') _|_ x {<x- £ T-£i>) x {P-£ r r-£i) 

r£Y 

+x {a-er-e i ) x <J3-e r ,-e i ,) + ^-^(/J-V-^-^Dh^) 

= ^ tMx^^'-^i^'Dh^) + ( ^ r(r)(x (a " £ '- ) x (/3 - e -'- £ ! '- £l) ))DH(x a; ) 
r&Y rgy 

X t^Ox^-^^'^^x^-^'^DhIx^) + ( T{r)(x ia - £r) x i/3 - £ r'-^- £ ^D u {x u 

= (-Dh(x (/3) )(x (q - £ »'- £ ' ) ) +D H (x (a) )(x ( ^'- El) ))D H (x w ). 
Summarizing, (|3.5|) holds, completing the proof. □ 
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4. Z-homogeneous derivations 

In this section, we first determine the derivations from 01 into W which vanish on the top 
of 91. To that aim, one needs to investigate the action on the generators of 91 for such a 
derivation. Recall the generating theorem established in Section 2. We shall consider the 
set M. and M separately. Recall 

Q = C w (W-i) = spsoi ¥ {x u d r I r G Y, u G B, p(x u d r ) = 0}. 

For simplicity, put 

E(Q) := ©r€Z<?2r, 0(Q) := ©reZ(?2r+l- 
We shall frequently use the following simple fact. 

Lemma 4.1. Suppose 4> G Der(0T,>V) satisfies <K%-1]) = 0. Then for D G 91, 0([D, = 
i/ and onfo/ i/ <^(.D) G (7- 

Let us first consider the elements in Ai. 

Lemma 4.2. Let (j) G Der(91, W) be homogeneous such that 0(91[_i] ©91[o]) = 0. Suppose 
zd((j)) +a is odd and ^(Dh(x^')) = for all b < a, where a < iri is a fixed positive integer 
and i G Yq. Then the following statements hold. 

(i) If a ^ 1 (mod p) then <p{T) n {x {a£l) )) = 0. 

(ii) If a = 1 (mod p) and a — 1 is not any p-power, then ^(Dh(x^ e '')) = 0. 

(iii) If a — 1 = p q for some q G N, i/ien there are fJ-[ q \ri^ G F such that fj,^r]^ = and 

(0 - t(^ (<?) 9 4 {9) - r(i)r ?4 (9) (ada i ) p9 )(D H (x^))) = 0. 

Proof. Since cX^-i]) = and zd(</>) + a is odd, by Lemma (p(B u (x^)) G 0(<7). 
Thus one may assume that 

<KD H (* (aei) )) = £ / r 3 r where / r G A(n). 

For arbitrary j G Yq \ {i,i'}, we have \Dn(xjXji), Dn(a;( ae ^)] = 0. Applying <f> to this 
equation, one gets 

[i~(j)xfdj> + T(j')xjdj, ^2 fr d A = 0. 

rG^o 

It follows that fj = for all j G Yq \ {i, i'} and therefore, 

<f>(Pn(x ( - a ^)) = f i d i + fi'd i >. 
Similarly, applying <f> to the equation [Dh(x' 2£ ''), Dh(x^ £ ^)] = 0, one gets /j = 0. Thus 

For arbitrary k, I G Yi with k ^ I, we have 

= [D H (x fc ^),<XD H (x( a ^))] = (xidk-XkdiXf^di,. 
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Hence xidk(fi') — x^d^fi') = and therefore, x&c?;(/j/) = 0. This implies that _/V 6 Fi u 
or G F. Therefore, there is /u» G F, such that 

0(D H (x (aei) )) = IM^di> or ^fy. (4.1) 

Suppose a — 1 = p q for some g G N. Then it is easily seen that (iii) holds. Note that 
[DH(xiXj/),D H (x (aet ))] = r(i')aD H (x( a£ ^). Applying (ft, we have 

[r(^cV +r(i')s i a i , 0(Dh(x^))] = r(»')a#D H (s (aei) )). 

It follows from (|4.1() that (a — 1)/Xj = 0. Consequently, (i) holds. 

To prove (ii), suppose a = 1 (mod p) and a — 1 is not any p-power. Write a — 1 to be 
the p-adic form a — 1 = X^r=i c »*P r where q 7^ 0. Then Qj) ^ (mod p). Note that 



((a-p'+l)*))] = r (^)^D H (x^). 



[D H (x^ Ei )^),D H (x^ a -^ + ^ e ^)] = )D H (x^)- (4-2 



It is clear that a — p* + 1 < a. Then 0(D H (x( (a ~ pi+1 ) £i ))) = 0. We want to show that 
^(D H (x( pt£ ^x i /)) = 0. Since p* < a - 1, it follows that 

0(D H (x( pt£ *W)) = T(i / )[D H (x (2 ^' ) ), (/>(D H (x« pt+1 ^)))] = 0. 

Thus we obtain from (|4~2|) that 0(D H (x (a£i:) )) = 0; that is, (ii) holds. □ 

Lemma 4.3. Let (ft G Der(9T, W) 5e homogeneous such that 0(OT[_i] ©9t[o]) = 0. Suppose 
a G N and i G Yo swc/i £/iat 0(Dh(x^ £ ^)) = /or a// b < a. If zd((ft) + a is even, i/ien £/ie 
following statements holds. 

(i) I/a ^ (mod p) i/iera 0(D H (x( a£ *))) = 0. 

(ii) If a = (mod p) and p is not any p-power, then (ft(D}i(x^ a£ ^)) = 0. 

(iii) If a = p q for some q G N, £^en there is G F suc/i f/iai 

(</)-A 1 (9) $ 1 (9) )(Dh(x^)) =0. 

Proof. Since </>(9T[_i]) = and zd(<p) + a is even, by Lemma SU (ft{B n (x^)) G 
Thus we may assume that 

0(D H (x( a£ °))) = 2 / r 5 r where f r G A(n). (4.3) 

(i) Applying (ft to the equation 

[D H (w), D H (^))] = r( l ')aD H (x( fl ^) 

one may obtain ^(Dh^'^ 1 ')) = 0, since a ^ (mod p). 

(ii) Write a to be the p-adic form a = Y^ r =i c rP r , Q 7^ 0. Then (^ t ) ^ (mod p). Just 
as in the proof of Lemma 14.21 we have 

[D H (x^)x i 0,D H (x« a - pt+1 ^))] =T(i')^B u (x^). (4.4) 
Clearly, 0(DH.(x(( a ~ p ' +1 ) £i ))) = 0, since a — p* + 1 < a. On the other hand, we have also 



[D H (x (2£ »' ) ),D H (x( a£l ))] = r(i')D H (x (a " 1)E ' 



XiJ . 
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It follows from (|4,3|) and the equation above that 4>(Di{(x^ a 1 ^ e 'Xj/)) = 0. Then 

0(Dh(>^W)) = o, 

since p t < a — 1 . Now (ii) follows from Q4.4|) . 
(hi) For k, I G Y\ with k ^ I, we have 

= [D H (zw), 0(DH(^ (aei) ))] = (iA " XkWJdr - fldk + /fc$- (4.5) 

reYi 

It follows that (xidk — Xkdi){f r ) = for k, I G Yi \ {r}. This implies that Xkdi(f r ) = 
whenever A;, / G Yi \ {r}, k ^ I. From this one may deduce that 

f r G A(n) [ft _i] U A(n) [n] U F for all r G Y\. 

Clearly, f r cannot be nonzero in F, since zd(</>) + a is even. On the other hand, if f r G 
A(n)[ n ], one may obtain f r = from (|4.5jl . Summarizing, / r G A(n)r n _i]. This implies 
that if n is odd then f r = for all r G Yj. . Thus we assume that n is even in the following. 
From the fact that Xkd[(f r ) = whenever k, I G Y\ \ {r}, k ^ I, one may deduce that 
f r G Fx w_<r> . Hence we may assume that 

</>(D H (x (a£l) )) = o r x u - <r> d r where c r G F. (4.6) 

From (|4.5j) we have 

-x fc aKc fc x w - <fc> )5 fc - Qx— < ' > a fc + x / a fc ( Q x"- </> )^ + c fc x w - <fc> ^ = o. 

Furthermore, 

Xkdtickx"'^) + qx"- <1> = 0. 

Without loss of generality, we may assume that k < I. Then the equation yields that 
(— I) 1- 2 (— I)* - 1 c Jfc + Q = 0; that is, c k = (-l) fc+ 'c z . Recall that a = p q . Put \\ q) := c 2m +i- 
Then we obtain from Q4.6JI that 

0(D H (x (aei) )) =A; <?) D h (x"). 

Therefore, 

(0-A^ 9) )(D H (a«)) = O. 
The proof is complete. □ 

Now we can reduce the derivations vanishing on the top of $1 to be vanishing on M . 

Lemma 4.4. Let <p G Der(9T, W). Suppose zd(</>) is even and ^(^[-i] 9t[o]) = 0. Then 
^(D H (x (ai£l) )) = for all i G Y and a; < n. That is, 4>(M) = 0. 

Proof. We proceed by induction on a%. Assume that the assertion holds for at — 1. Let 
us consider the case Gtj. If <Xj = for some q G N, then zd(0) + dj is odd. By Lemma 
IQfi). 0(D H (x (ai£l) )) = 0. Assume that aj is not any p-power. The discuss is divided into 
the following two cases (i) cij = (mod p) and (ii) a» ^ (mod p) . In the case (i) , if 
zd(4>) + is odd, then Lemma I4.2f i) ensures that 0(D H (a;^ £i ))) = 0; if zd(^) + Oj is 
even, then Lemma 14.311 1) ensures that <^(D H (a; (a<£i) )) = 0, since a\ is not any p-power. In 
the case (ii), if zd(</>) + cij is even, then Lemma I4.3IT ) ensures that 0(D H (x^ £ »))) = 0; if 
zd(</>) + a, is odd, then is odd and there is no q such that Oj — 1 = p q and therefore, 
c/>(DH(x( a ^))) = by Lemma H~21 The proof is complete. □ 
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Lemma 4.5. Let 4> G Der(9T, W) and zd(<p) be odd. Suppose <^>(OTr_i] ffi 9Tr i) = 0. Then 
there are \i Sr \ fii Sr \ rji Sr ^ G F, where r £Yq and 1 < s r < t r , such that pif r ^rlf r ^ = and 

t r -l 

r&Yo s r =l 

for all i G Yq, 1 < < 7Tj. 

Proof. For 1 < < p, by virtue of Lemmas I4.2f i) and 14.3( 1). one may show by induction 
on ai that 



<P(D u (x a ^)) = 0, l<a,<P,i^( 



o- 



Put 0(°) := (p. Assume inductively that we have constructed a derivation (f>^ from 91 into 
W for q > such that 

</. (9) (D H (x ai£l) )) = for all i G Y and 1< a* < 

We first consider ^^(Dh^^ 16 '')). Note that zd(0) is even. By Lemma POT iii) . 

there is \i 9+1 ^ G F f or r G Yq such that 

- A( g+1 )^ +1 ))(D H (a;^ +le '-))) =0 for r G Y . 

Put 0(9+1) : = 4,(1) - J2 reYo \i q+1 ^i q+1 \ Then 

^« +1 J(D H (a: (pa+lsr) )) = for all r G Y - 

By Lemma l4.2f iii). there are , 77^ G F such that '^r 9+1 ^ = and 

(0(9+1) _ r(r)^Q[ q+1) - r(r)^ +1 )(ada r )P 9+1 )(D H (x(^ +1+1 ) e '-))) = 0, r G F . 

Put 0(*+l) := 0&+ 1 ) - E re y r(r)^ +1) 6^ +1) - E, e y r(r)^ +1) (add r )^ +1 . Then 

^ q+1 \D u (x ( -P q+1+1 ^)) = for all « G Yq. 

Suppose p q+1 + 1 < di < p q+2 . Then cij and Ui — 1 are not any p-power. Thus, by 
Lemmas 14.21 and 14.31 using induction on Oj , one may show that 

^ q+1 \B u (x a ^)) = for all i G Y and p q+1 + 1< a, < p 9+2 . 

Summarizing, ^ ,+1 '(DH(s a ' £ ^)) = for all i G Yq and 1 < < p 9+2 . Thus we construct 
inductively a series of derivations 

Let A; = max{ti, . . . , t 2m }- Then ^ k \D n (x a ^)) = for all i G Y and aj < 7Tj. Moreover, 
by the process of construction , cf)^ coincides with 



t r -i 



r€Y s r =l 

on the elements DH(x' n ' E '') for all i G Yq and aj < 7Tj. The proof is complete. □ 
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For convenience, put T' := ^2 reYl x r d r . For the elements in TV, we have: 

Lemma 4.6. Let (j) G Der(9I, W) be homogeneous such that </j(5Tr_i] © 51[o]) = 0. Then 
there is A G F such that (cf) - Aadr / )(A/') = 0. 

Proof. Recall that M = {Du(xiX u ) \ i G Yq, u G B2}. Since 0(91[ O ]) = 0, we may assume 
that 

<j)(D H ( Xi x u )) = fi,u, r d r where f^ r G A(n), i(£Y , u£ B 2 . (4.7) 
rey 

If zd(0) is odd then zd((/j(DH(xjX u ))) is even and therefore, fi :U ,r = for all r G Yb- Thus 
we obtain from Q4.7|) that 

^(Dh^x")) = ku,rd r . (4.8) 

Note that \Dn(xiiXi), Dn(xjX u )] = T(i')D}i(xiX u ). Applying (j) to this equation, we obtain 
from (JISJ) that 4>(D H (xiX u )) = 0. 

Now suppose zd(</>) is even. Then fi >u>r = for all r G Y"i and therefore, 

^(D H (x ! x u )) = Y ku,rd r . (4.9) 

reYb 

Obviously, 

[B H (x^), 0(D H (x^ u ))] = r(i) ( /»(D H (x i x")). (4.10) 
From (|4.9j) and (|4.10|) we have 

^DhO^")) = /i,^*^. (4.11) 

By our hypothesis that n > 4, we can find k, I G Y\ \ u with k 7^ I. Then 

[DuixkX^^uixiX 1 ")} = 0. 

Applying eft to this equation and using (|4,11|) we obtain that (xidk — Xkdi)(fi iU y) = and 
therefore, x k di(f i)Uyi >) = 0. This forces f i>u>i i G F UFi u U Fx". Let u =< r,s > . Take 
A; G Y\ \ {r, s}. Then [Dn(xfcX r ), DH(xjXfcX s )] = Dh^x") and therefore, 

[D H (x fc x r ), (/>(D H ( ))] = 0(D H (x,x u )). (4.12) 

If fi,u,i> e FUFx w , then it is easily seen from (l4~T2l that ^(D H (xiX u )) = 0. If G Fx", 
let /j )Mi j' = \i )U ,i'X u . Denote Aj )M := Aj jUj j' in the following. Then we obtain from (|4.12j) 
that Aj j< fc jS > = Aj )<riS >. This proves that Aj jM is independent of the choice of u. We denote 
Aj := Aj iU for i G Yo- Then ^(DH(xiX M )) = XiX u di' for all u G B 2 . On the other hand, for 
i, j G Yq, we have 

[D H (x 4 x J v),D H (x J x«))] = r (j')(l + <5 JJ v)D H (x J x"). 
Applying </j to the equation above, one gets 

r(i)Xi = r(j)Xj i,j£Y . 

Let A := |r(i)Aj. Then 

(<P - Aadr')(D H (x i x u )) = XiX u di> - 2T{i)Xx u di, = 0. 
The proof is complete. □ 
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Now we can give a explicit description for the derivations from 01 into W vanishing on 
the top of 91. 

Theorem 4.7. Let <f> G Der(91, W) be homogeneous and 0(9Tr_ ji ©9tr ]) = 0- Then there 
are A, Ar Sr \ ^i Sr \ rjr 3 ^ G where r G lo « nc ^ 1 < s r < t r , suc/i t/iai ixf r ^v[f T ^ = and 

2m t r — 1 

4> = Aadr' + ^ £ ( A r Sr) ^^ r) + /4 Sr) ©r r + ^ Sr) (ada r ) p3r ). 

r=l s r =l 

In particular, if n is odd then 4> = Aadr' + J2l=i E*/.=i ??r Sr) (ad5 r ) pSr . 
Proof. By Lemmas 14.41 and 14.51 there are 

AT"', Mr % W e F such that 

r=l s r =l 

vanishes on A4. By Lemma 14.61 there is A G F such that <p := (f> — Aadr' vanishes on A/". It 
is easy to see that (p vanishes on M and Theorem 12 . 71 ensures that <p = 0. The remaining 
is clear. □ 

It is our present aim to reduce certain derivations to be vanishing the top of 91. 

Lemma 4.8. (see 1% Proposition 2.1.6]) Let C be a "L-graded subalgebra of W such that 
C-i = W-i. If 4> G Dert(£, W) where t := zd(0) > 0, i/ien i/iere exists E G Wt suc/t i/iaf 

(0-adE)(£_i) =0. 

In view of Lemma f4.8l and Theorem 14 .71 it suffices to reduce the homogeneous derivations 
vanishing on to be vanishing on the top of 91. 

Lemma 4.9. Let <fi G Der(91, W) &e TL-homogeneous with odd degree such that 0(Olr_ ji) = 
0. T/ien i/iere is D G W such that (</> - ad-D)(9t[_i] 9X [0 ]) = 0. 

Proof. Since <^(91[_i]) = and zd(0) is odd, by Lemma l4~Tl </>(91[o]) G 0(Q). For 1 < i < m, 
one may assume that 

(£(D H (aw)) = ^' r ^ r wnere /*.»• e ^-( n )- ( 4 - 13 ) 

reY 

Let 1 < i ^ j < m. Then [Dh^e^'), Dh^x/)] = and therefore, 

[<p(D n (xiXi>)), Dn(xjXj')] = [<f>(Dn(xjXf)), D H (xjXj/)]. (4.14) 

One may easily deduce from Q4.13JI and (|4.14|) that = fy/ = 0. Thus, 

(f>(T>n(.XiXii)) = fadi + f iV d v for 1 < % < m. 

Put ip := 4> — BdQ2^Li(frr'9 r ' — frrd r ))- Then ip(Dn(%i%i')) = for i G Yq. We propose to 
show that 

ip(Dn(xiXj)) = for all i, j G Yq. 
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First, we consider the case j ^ Clearly, [Du(xiXii), Dft(xiXj)] = T(i')Dn(xiXj). 
Applying tp to this equation, we have 

[D H (xiXi'), ilj(Bn(xiXj))] = T(i')ifj(T)n(xiXj)). 

Similarly, 

[D H (xjXj')> ip(VH(xiXj))] = T(j')ip(D il (x i x j )). 

Noticing ip(Dn(xiXj)) £ 0(G) and j / one gets from the above two equations that 
ip(B K (xiXj) = 0. 

Next, we consider f/)(Du(x' 2(:! ')). Clearly, 

[Dh^^O, D h (^ 2£ '))] = 2r(.')D H (x^)). 

Assume that i/i(Dh(x' 2£i ')) = E rg y 9ir&r: 9ir £ F. Applying ip to the equation above, we 
have g ir = for r ^ and 3T(i')gu = Q,r(i)g iV = 0. Thus V(Dh(x (2£i) )) = 0. 

For k,l S Y%, applying ip to the equation [Du(xiXi'), Dn(xkXi)] = for i G Yq, one may 
easily show that ip(D^(xkXi)) = 0. Summarizing, we have shown that -0(^[o]) = and 
then V(^l[_i] 91 [o] ) = 0. □ 

Put Dev~(%W) := © r <_iDer r (9I, W). 
Theorem 4.10. If n is even, then 

Der-(91, W) = adW hl] + Y Y ^ ®r r) + F Q r r ) + Y Y ¥ ( ad ^) pSr • 

Kr<2mi<s r <i r -i r£Yo l<s r <t r — 1 

n-p a f<o 

I/n is o^, then Der"(9I, W) = adW [ _ 1] + E re y Ei< Sr <* r -i F (add r )P ar . 

Proof. Suppose n is even. Let 4> £ Der(9I, W) be homogeneous. If zd(0) < —2, then 
Theorem 14. 71 shows that 

Kr<2mi<s r <i r -i rgyo l<s r <t r ~l 

n _ p sr<0 

Now assume that zd(4>) = —1. By Lemma H~§1 there is D € W such that (0 — adD)(Dl[_ 1 ] © 
9T[ ]) = 0. Again Theorem 14. 71 entails that 

4> G adW + F adr' + Y ^ ( F &f r) + F @r') + Y Y ¥ (^r)^ ■ 

KK2raKs r <( r -l r<=Y l<s r <t r -l 

Since is Z-degree —1, one may easily obtain the desired result. In the case that n is odd, 
the argument is similar. □ 

As an direct application of Theorem 14.71 and Lemma I4.9[ we can determine all the 
derivations of odd Z-degree: 

Theorem 4.11. If n is even, then 

YVer [k] (%W) = Y^W {l] + Y Y (F^+Fe^H^ Y ¥ ( ac W ' 

feodd iodd X<r<2m l<s r <t r — 1 r&o l<s r <t r -l 

If n is odd, then 

Y Der [fc] (m, W) = Y adW H + Y Y ¥ ( ad ^) pS " • 

fcodd iodd r^Yg l<s r <t r — 1 
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Let us consider the derivations of even Z-degree. 

Proposition 4.12. Let (ft G Der(91, W) be of even Z-degree such that 0(91[_i]) = 0. Then 
there are A r GF(l<r< m) such that 

{(ft- A r *W)(D H (a^)) = foralli,jeY . 

l<r<m 

Proof. Since zd(cft) is even and ^(Dl[_!]) = 0, Lemma [4.11 ensures that (/>(9T[ ]) C E(Q). 
Thus one may assume that for 1 < i < m, 

(ft(D H (xiXi/)) = Y firdr where f ir G A(n). 

Applying eft to [Dn(xkX[), Dn(xiXi')] = for k,l G Yi, we have 

[DH(x fc ^), 0(D H = 

since ^(DH(xfcX;)) <E E(Q). Thus, [x^ - Xkdi,^2 i€Yl fi r d r ] = and therefore, 

Y (xidk ~ x k di)(f ir )d r - fud k + f ik di = 0. (4.15) 

This implies that 

(xid k - x k di)(f ir ) = whenever k,l^r; (4.16) 

(xA-^)(/ife)-/i! = 0. (4.17) 

By (j4.16|) . one may deduce that /j. r G Fi r UFi w U Fx w ~ <r> . Assume that |w| = n is 
odd and / /j r G Fi w . Then one may reach a contradiction from (|4.15|) . It remains to 
consider the following two cases, since (ft is homogeneous. 

Case (i): fi r G Fx r for every r G Y\. Assume that 

(ft(D H (XiXi>)) = Y VirX r d r , for G F. 
rGYi 

From (|4.17|1 we have //j r = fii s for all r,s GYy. Denote fii := \ii r for r G Yi- Thus, 

0(D H (xjXi/)) = fXiT', r G Y" - 

Recall our assumption that n > 4. Let tt G B4. Clearly, <^(Dh(i u )) G E{Q). Applying (ft to 
the equation [Dn(xjXj'), Dh(x")] = 0, we have 

2ftD H (x") = [^r 7 , D H (/)] = [(ft(D u (x l x i/ )), D H (x u )) = 0. 

Consequently, fii = 0. Hence (ft(Du(xiXi')) = for i G Yq. For z,j G Yq with j 7^ i', we 
have [DH(xjXj'), Dn(xjXj)] = T(i')(l + 5ij)D}i(xiXj). It follows that (ft(D}i(xiXj)) = for 
i,j G Yo with j ^ i'. Hence 

^(Dh^Zj)) = fori,jGY - 
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Case (ii): fi r G ¥ x w <r> for all r G Y\. Assume that 

</>(D H (w)) = Yl \r^~ <r> d r , \ ir G F. 

For k,l G Y\ with k ^ I, we have [4>(D}i(xiXi>)), Dn(xj;i|)] = 0. A direct computation 
shows that (-l) k X ik = (— l) l Xu. Denote Aj := (-l) fc Aa; for G Y\. Then 

0(D H (xi^)) = AiD H (^). 

Put ip := — X^i<r<m Ar^W. Then ^(DH(xjXj')) = 0. Just as in Case (i), we have 
ijj(Dii(xiXj)) = for all i, j G Yq. The proof is complete. □ 

Remark 4.13. In view of Lemma \4&\ Proposition \4-l°A Theorems \4- 7[ \4-KA an d an d 

\4-H\ in order to determine the derivation space of 91 to W, it suffices to reduce every 
even Z-degree derivation in Der(9T, W) vanishing on ^tf-i] to be the one vanishing on 
XkXi) | k, I G Y\\ modulo a suitable known derivation (such as a linear combination 
of an inner derivation and some exceptional derivations). However, in contrast to the 
situation of HO or S (see Q it seems that we must find a new approach other than 
the method of canonical torus used there. We believe that this problem will be settled in 
future. 

Using Theorems 12.41 14.71 I4.1U1 and 14.111 we obtain the corresponding results on the 
even part 7i of the finite-dimensional Hamiltonian superalgebra: 

Corollary 4.14. Let (f> G Der(ft, W) and cX^-i] © W[o]) = 0. Then there are A, n, A^ r) , 
Mr i T]r G F, where r G Yq and 1 < s r < t r , such that fj,f r 'r]r Sr ^ = and 

2m t r — 1 

4> = T A + /i(adr') + E ( x( r Sr) $ { r Sr) + /4 Sr) ®r r + 4° r) (ad^)^ )• 

r=l s r =l 

Corollary 4.15. If n is even, then 

Der-(W,>V) = adW [ _ 1 ]+F(5 w>M ri)+ £ £ (F$W+FG^)+^ ]T F(add r 

l<r<2ml<s T <ir-i r£Yo l<s r <t r — 1 

n— p" r <0 

where T± is defined as in B,em,ark \2.(\ If n is odd, then 

Der" (H, W) = adW[_i] + ^ ^ F ( ad(9 r) par • 

rGYo l<s r <i r -l 

Corollary 4.16. If n is even, then 

^Der [fc] (tt,W) = J>dW [i]+ £ £ (F$W+FG^)+E E ^ i^rf" ■ 

fcodd iodd Kr<2ml<s r <t r -1 reYo l<s r <t r -l 

If n is odd, then 

Y Der [fc] (H, W) = J2 adW H + E E F (ad<9 r ) p " . 

fcodd iodd r€Yo l<s r <t r -l 
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